In this paper we shall study three types of Lawson-Osserman cones which were introduced in [XYZ]. They are compositions of a Hopf fibration and standard isometric minimal immersions of degree 2 (see §3). By virtue of Lawlor's criterion in [Law91], we are able to show that they are area-minimizing. In particular, two undetermined minimal cones given in [LO77] will be shown area-minimizing.
Introduction
A well-known result of Federer (Theorem 5.4.3 in [Fed69] , also see Theorem 35.1 and Remark 34.6 (2) in Simon [Sim83] ) states that a tangent cone at a point of an area-minimizing rectifiable current is itself area-minimizing. Therefore, area-minimizing cones reflect local behaviors of area-minimizing rectifiable currents. Accordingly, the study about them remains as a central topic in the geometric measure theory.
A lot of work has been done for area-minimizing hypercones, e.g. [Fle62, DG65, Alm66, Sim68,BDGG69,Law72,Sim74,Sim73,HS85,FK85,Sim83,Law91]. Following [Law72] , [Che88] found homogeneous area-minimizing cones of codimension two. Around the same time, Lawlor introduced a systematic method, called the curvature criterion, in [Law91] which can determine many cones' being area-minimizing, for instance, the classification of area-minimizing cones over products of spheres and the first minimizing cones over unorientable surfaces in the sense of mod 2. Thereafter, he gained more with Kerckhove in [KL99] .
Among others, an important minimal cone given by [LO77] and shown area-minimizing in [HL82] is the following. Let η, η ′ and η ′′ denote the Hopf maps S 2 i −1 (1) → S 2 i−1 (1) for i = 2, 3 and 4 respectively. Then Lawson and Osserman considered cones over images of F, F ′ and F ′′ given by
respectively, with suitable constants α i and β i . The resulting cones become minimal and therefore represent Lipschitz (not C 1 ) solutions for Dirichlet problem of minimal surfaces for boundary data φ = β 2 α 2 η, φ
It was shown later in [HL82] that the cone generated by η is calibrated by a canonical coassociative 4-form in R 7 and, hence, area-minimizing by the fundamental theorem of calibrated geometry. The calibration form in some way exhibits a special interaction between algebraic and geometric structures of R 7 . Due to the lack of similar understandings, it remained open whether the other two cones are area-minimizing.
In this paper, we can answer both affirmatively. In fact we establish more. Inspired by [LO77] , we constructed in [XYZ] minimal cones of Lawson-Osserman type which are homeomorphic to Euclidean spaces. They are compositions of a Hopf fibration and an isometric minimal immersion into spheres. Here, by regarding identity maps (up to √ 2-scaling and a rigidity) between spheres as isometric minimal immersions, we include cones corresponding to η, η ′ and η ′′ . Because of huge moduli spaces for the second component (see, for example, [dCW71, Tot97, Ura85]), our construction produces quite a lot of series of uncountably many examples. We have observed that some of them are non-minimizing due to the amusing spiral behaviors under a peculiar dynamic system in [XYZ] . In this paper we shall show, in the opposite direction, that all the three types with the second slot coming from immersions of degree 2, including the other undetermined cones induced by η ′ and η ′′ , are area-minimizing. In particular, our results indicate that every topological space R 2k for k > 1 can bend to be a nontrivial area-minimizing cone in certain R N . The paper is organized as follows. We introduce notations in §2 for calculations. In §3, three types of Lawson-Osserman cones are mentioned and standard isometric minimal immersions of degree 2 are explained. Since our examples are equivariant, we analyze second fundamental forms only at a base point in §3.1-3.3 for each type respectively. By explanations on Lawlor's curvature criterion in §4.1 and the computation results in §3, we show in §4.2 that vanishing angles exist for all of them except the one given by η and that the corresponding normal wedges do not intersect. Hence, by [HL82] and Lawlor's curvature criterion, they are all area-minimizing.
Quaternions, octonions and odd-dimensional spheres
We recall some basic facts about quaternions and octonions and make a choice of preferred local parameterization of odd-dimensional spheres at a fixed point by exponential map.
Let R, C be the real and complex number fields, and R n , C n the real and complex n-tuple spaces respectively. Naturally, we identify C n with R 2n by (z 1 , . . . , z n ) → (x 1 , . . . , x n , x n+1 , . . . , x 2n ), where z k = x k + ix n+k ∈ C and i 2 = −1. Let H be the real division algebra of quaternions. An element of H can be written uniquely as a = z 1 + z 2 j, where z 1 , z 2 ∈ C and j ∈ H satisfies j 2 = −1, zj = jz, for all z ∈ C. In this way, C sits in H as a subalgebra and H becomes a complex vector space under C-action on the left. Thus, the n-tuples H n can be identified with C 2n by (a 1 , . . . , a n ) → (z 1 , z 2 . . . , z 2n−1 , z 2n ), where a k = z 2k−1 + z 2k j ∈ H. Let O be the algebra of octonions. The elements in O can be written as p = a 1 + a 2 e, where a 1 , a 2 ∈ H, e ∈ O and e 2 = −1, pe = −a 2 + a 1 e. For another q = a 3 + a 4 e ∈ O, we have pq = (a 1 a 3 −ā 4 a 2 ) + (a 4 a 1 + a 2ā3 )e. Similarly, the n-tuples O n can be identified with
The conjugate of a quaternion (resp. octonion) is defined bȳ a =z 1 − z 2 j (resp.p =ā 1 − a 2 e). Hence, the norm of a quaternion (resp. octonion) is given by |a| 2 = aā (resp. |p| 2 = pp).
An odd-dimensional unit sphere can be described by
For a local parameterization at point p = (1, 0, . . . , 0) ∈ S 2m+1 , we set
where 2 ≤ k ≤ m + 1, E k l is the (m + 1) × (m + 1)-matrix with value 1 in the (k, l)-slot and zero for others. Then, it is easy to check that
parameterizes some neighborhood of p. Writing p(t) = (z 1 , . . . , z m+1 ), through direct calculations, we have }, more explicitly, by
where 2 ≤ k ≤ m + 1 and E k is the vector in R m+1 with value 1 in the k-th position and zero for others.
On minimal spheres of Lawson-Osserman type
In this section we introduce what we are concerned with in this paper. They are embedded minimal spheres given by composition of a Hopf fibration and minimal immersions from complex projective spaces, quaternion projective spaces or the Cayley projective line into unit spheres. The idea is inspired by Lawson and Osserman's original construction in [LO77] 
Later, in [HL82] , Harvey and Lawson proved that the cone of F is area-minimizing. Therefore, the topological space R 4 can emerge in R 7 as a nontrivial area-minimizing cone. To find more such minimal immersions, we observe η from another perspective. In fact, it is a composition of the Hopf fibration π 3,2 and a degree 2 map Φ from CP 1 into S 2 . Explicitly,
Analogous constructions in [LO77] were also given for Hopf maps η ′ :
However, to our knowledge, it was unknown whether the cones associated to η ′ and η ′′ are area-minimizing. By results to be established in this section, we can have positive conclusions for both in §4. By composing Hopf fibration and isometric minimal immersions of degree 2 (explained below) from CP n , HP n into unit spheres, we gain lots of minimal spheres of Lawson-Osserman type. The minimality follows from a general theorem of authors [XYZ] . Notice that CP n , HP n and unit spheres are compact symmetric space. Hence, such immersions can be realized by equivariant ones compatible with their Lie group structure. Now, we review standard minimal immersions of a compact irreducible Riemannian symmetric space (M, g) into unit spheres (see [dCW71, Ura85] ). Let ∆ be the Laplace-Beltrami operator of (M, g) acting on C ∞ -functions, λ k the k-th eigenvalue of ∆ with 0 = λ 0 < λ 1 < · · · , and V k the corresponding eigenspace.
where dµ of (M, g) is the normalized canonical measure
. This standard minimal immersion x k can also understood as follows. Let (G, K) be a symmetric pair with M = G/K. Then, a point of M can be viewed as σ K for some σ ∈ G, and G acts on
Up to a rigidity of V k , one can assume that
We give an alternative description on V k for M = CP n equipped with the Fubini-Study metric. Let φ be a complex valued homogeneous polynomial in 2n + 2 variables z 1 , . . . , z n+1 ,z 1 , . . . , z n+1 on C n+1 . It is said to be of (p, q)-type if
Denote by P n+1 p,q the complex vector space of all homogeneous polynomials of (p, q)-type on C n+1 . Note that functions in P n+1 q,q are S 1 -invariant. So, they descend to functions on CP n . Set
It is a well-known fact (see [Mas80, Ura85] ) that the k-th eigenspace
. In present paper, we shall focus on H n+1 1,1 ∩C ∞ (C n+1 , R), the space of isometric minimal immersions of degree 2. There is also a similar description in terms of quaternions valid for HP n equipped with the canonical metric. Throughout this paper, we will, if not otherwise specified, use the following convention for indices:
where m will take n or 2n + 1 in the sequel.
Type-I minimal spheres
To obtain a standard minimal immersion from CP n into unit sphere, we need to find an orthonormal basis of
With this understanding, we have Lemma 3.1. There is an orthonormal basis of H n+1
Proof. From (3.2), we know that
Then, following the Schmidt orthonormalization process w.r.t.
the L 2 -inner product, one can get {φ α , φ k l , φ¯kl} as an orthonormal basis of H n+1 1,1 ∩C ∞ (C n+1 , R). We leave details to readers. ✷ Hence, we gain an isometric minimal immersion Φ :
In particular, f is just the Hopf map η when n = 1. The type-I LawsonOsserman minimal sphere is represented by
where a n = 2(n+1)
For coefficients a n and b n which uniquely determine the minimality we refer to our recent paper [XYZ] . We will just check the minimality property in Proposition 3.2; (b) By the construction of Φ, F is in fact homogeneous and its image is an Id ⊕ ρ 1 SU (n + 1) -orbit through the base point
where ρ 1 is defined in (3.1). Therefore, we will study its geometry only around one point for our purpose.
More precisely, we shall compute the second fundamental form of F at P in the remaining part of this subsection. Substituting (2.1) and (2.2) for m = n into expressions of φ α , φ k l , φ¯kl, we obtain
, by (3.3), (2.1) and (2.2), we have
where 2 ≤ k ≤ n + 1. By normalization, we get an orthonormal basis of F * (T p S 2n+1 ):
and an orthonormal basis for the normal space of F * (T p S 2n+1 ) in T P S (n+1) 2 +2n :
. Through direct computations, we obtain
Then, at P, the second fundamental form of F is given in terms of the frame {e A , e τ , e k l , e¯kl
More explicitly, we gain 
Type-II minimal spheres
In terms of quaternions,
λ¯k lā k a l . Notice 
and we consider a k as z 2k−1 + z 2k j.
Proof. Similar to the proof of Lemma 3.1. ✷ Thus, we have an isometric minimal immersion Φ :
, and a Lawson-Osserman cone determined by
It is known that f ′ is just the Hopf map η ′ when n = 1. The type-II Lawson-Osserman minimal sphere is represented by
. For the choice ofã n andb n we refer to [XYZ] for a general explanation. By the construction of Φ, F is homogeneous and its image is an Id ⊕ ρ 1 Sp(n + 1) -orbit through the base point P = a n E 1 , 0, b n E 1 , 0, 0, 0, 0 , where ρ 1 is defined in (3.1). Next, we compute its second fundamental form at P.
Using (2.1) and (2.2) with m = 2n + 1, we have
, by (3.6), (2.1) and (2.2), we get
where 2 ≤ k ≤ n + 1. Further, we obtain an orthonormal basis of F ′ * (T p S 4n+3 ):
and an orthonormal basis for the normal space of F ′ * (T p S 4n+3 ) in T P S 2n 2 +7n+3 :
and
where 2 ≤ k ≤ n + 1, 2 ≤ α ≤ n and 2 ≤ k < l ≤ n + 1.
We set
and define
Then, at P, the second fundamental form of F ′ is given in terms of the frame {e A , e τ , e k l , e¯kl,
In summary, we have
Proposition 3.4. The second fundamental form of F ′ at the base point P w.r.t. the frame {e
, A = 1, 2, 2n + 3, B = 1, 2, 2n + 3;
(2) h 
Type-III minimal spheres
Let p 1 , p 2 ∈ O written as p 1 = (z 1 + z 2 j) + (z 3 + z 4 j)e and p 2 = (z 5 + z 6 j) + (z 7 + z 8 j)e. Then,
where
Then the third Hopf map η ′′ : S 15 −→ S 8 is given by z → f 1 , . . . , f 9 , where p = (p 1 , p 2 ) is identified with z = (z 1 , . . . , z 8 ). The Type-III Lawson-Osserman minimal sphere is represented by
It is known that F ′′ is also homogeneous.
We will compute the second fundamental form of F ′′ at point P = Taking the partial derivative w.r.t. t A , at t = 0, we have
where 2 ≤ k ≤ 3 and 5 ≤ l ≤ 8. Further, we gain an orthonormal basis of F ′′ * (T p S 15 ): 
where 5 ≤ k ≤ 8.
and define Then, at P, the second fundamental form of F ′′ is given in terms of the frame
In summary, we have 
Lawlor's criterion
For completeness, we briefly recall Lawlor's curvature criterion for proving a minimal cone to be area-minimizing. For further details readers are referred to [Law91] . Let Σ be a smooth n dimensional submanifold of unit sphere S N and
Fix p ∈ Σ. A normal geodesic of length ℓ is an arc of a great circle γ which is perpendicular to Σ at its starting point γ(0) = p. We call γ an open normal geodesic if we leave off the endpoint γ(ℓ). Let U p (ℓ) be the union of open normal geodesics from p of length ℓ. Then normal wedge W p (ℓ) is defined to be C U p (ℓ) − {0}. The normal radius of C Σ at a point p ∈ Σ is the largest ℓ p such that W p (ℓ p ) intersects C Σ only in the ray − → op.
Suppose p ∈ Σ and ν is a unit vector in the normal space T ⊥ p Σ. Let (r, θ ) be the polar coordinate of the plane spanned by − → op and ν. A projection curve γ p , if exists, satisfies
where (h ν AB ) is the matrix of the second fundamental form of Σ at p, in the normal direction ν. The existence of the ODE relies on the size of second fundamental form and dim C Σ. If γ p exists, either dr dθ vanishes at some positive θ (p), or r goes to infinity as θ approaches some finite value θ 0 (p). In the latter case, we call the smallest θ 0 (p) the vanishing angle at p. Let Γ p be rotated surface generated by γ p in W p (θ 0 (p)). Then we define Π p by sending Γ p to p and requiring Π p (tz) = tΠ p (z) for t > 0 and z ∈ Γ p . If {W p (θ 0 (p)) : p ∈ Σ} do not intersect, we assemble {Π p : p ∈ Σ} together and extend it to a global retraction Π : R N+1 −→ C Σ which equals Π p in W p (θ 0 (p)) and collapses everything else to 0. It can be guaranteed by (ODE) that Π is a continuously area-noincreasing projection to C Σ.
By using the retraction Π, Lawlor proved He used the control
for dim C Σ = 12 and a more accurate lower bound F(S ,t, dim C Σ) for dim C Σ < 12. By V (m, S ) we mean the estimated vanishing angle based on (4.2) for dim C Σ ≥ 12 and S . When m = dim C Σ > 12, Lawlor proved the following nice property
Moreover, we remark that
Proof for the area-minimizing property
Let C F, C F ′ and C F ′′ denote the cones over images of F, F ′ and F ′′ respectively. Then, we have Theorem 4.2. The minimal cones C F, C F ′ and C F ′′ are area-minimizing.
Proof. To reduce redundance, we present a complete proof only for C F. We will show (1) Any normal line through P intersects C F only at P, i.e., the normal radius ℓ 0 ≥ π 2 ; (2) The vanishing angle θ 0 < π 4 ; and the theorem follows from the Lawlor's criterion.
Since F, F ′ and F ′′ are homogeneous, it is sufficient to do calculations at the base point P. We verify (1) first. Let X be normal vector through P. Then, according to (3.4), X can be written as
In terms of blocks, we write X = ξ , η, µ, ς , τ and (3.4) gives
If X ∈ C F, we have
Combining (4.5) and (4.6), we obtain
which implies a n − b n λ 2n+2 < 0. (4.8)
On the other hand, from Lemma 3.1 and (4.7), we have b n + a n λ 2n+2 = µ 1 = |ξ | 2 + |η| 2 a n b n c n,1 ξ 2
So (4.8) and (4.9) together lead to a contradiction. Thus λ 2n+3 = 0. Similarly, one can show λ 2n+1+l = λ 3n+1+k = 0 for 3 ≤ l ≤ n + 1 and 2 ≤ k ≤ n + 1. Consequently, ξ k = η k = 0 for 2 ≤ k ≤ n + 1. Note that X , P ∈ C F and their first (2n + 2) components form parallel vectors. By the geometric structure of C F, this implies that
Hence the normal radius of C F is pointwise at least In order to have estimates (2) on vanishing angles, we need to figure out S for our cases. Suppose
Let I be the set of indices of normal basis (3.4). According to behaviors of second fundamental form in normal directions, we split I into two parts:
By direct computations, we have
We shall show that ν 0 = ±e 2n+2 and S 2 = (2n+1)(2n+3) 4(n+1)
. The procedure consists of two steps.
Step 1: Step 2: λ τ = 0 for τ ∈ A − {2n + 2}. We shall deduce the statement by induction in a reversed order. Write ν 0 = c · E 5n+1 + s · e 5n+1 where s = sint = λ 5n+1 for some |t| ≤ By the same argument in Step 1, it follows that s = λ 5n+1 = 0. Assume that λ 5n+1 = λ 5n = · · · = λ 4n+r+1 = 0 for some 3 ≤ r ≤ n. We aim to have λ 4n+r = 0. Similarly, write ν 0 = c · E 4n+r + s · e 4n+r where s = sint = λ 4n+r for some |t| ≤ = diag b n a n , − (n + 2)a n b n n(a 2 n + b 2 n d 2 n ) , · · · , − (n + 2)a n b n n(a 2 n + b 2 n d 2 n ) , (4.15)
